We analyze the Bianchi IX Universe in the Polymer Quantum Mechanics framework, by facing both semiclassical and purely quantum effects near the cosmological singularity. The peculiar feature of the presented study is that we adopt Misner variables to describe the model dynamics, applying the polymer paradigm simultaneously to the isotropic one (linked to the Universe volume) and to the two anisotropy ones (characterizing the physical gravitational degrees of freedom). Setting two different cut-off scales for the two different variable sets, i.e. the geometrical volume and the gravity tensor modes, we demonstrate how the semiclassical properties of the Bianchi IX dynamics are sensitive to the ratio of the cut-off parameters. In particular, the semiclassical evolution turns out to be chaotic only if the parameter associated to the volume discretization is greater or equal to that one of the anisotropies. Then, we perform, for the chaotic case, a purely quantum polymer analysis, demonstrating that the original Misner result concerning the existence of quasi-classical states near the singularity (in the sense of high occupation numbers) is still valid in the revised approach and able to account for cut-off physics effects. The possibility for a comparison with the original study by Misner is possible because, for all the parameter space, the singularity is still present in the semiclassical evolution of the cosmological model. We interpret this surprising feature as the consequence of a geometrical volume discretization which does not prevent the volume to vanish, i.e. restoring in the Minisuperspace analysis the zero eigenvalue for the volume spectrum.
Introduction
One of the most puzzling question concerning the viability of General Relativity as a physical theory consists in its feature of predicting singularities of the space-time, where the radial force and the matterenergy density diverge, especially in the cosmological implementations [1, 2, 3] .
The idea that, in the limit of extreme curvature values, the classical theory must be abandoned in view of the inclusion of quantum effects has been not satisfactory addressed by the canonical approach based on the Wheeler-DeWitt (WDW) equation [4, 5, 3, 6] . In this scenario, the volume of the Universe (more in general, the metric determinant) seems to have the properties of an internal time-like variable for the theory and therefore the emergence of a Bounce Cosmology is conceptually forbidden by the natural flows of a clock [7, 6] .
More success had the Loop Quantum Gravity theory [8, 9, 10, 6] , which led to a discrete spectrum for the geometry. The cosmological application of Loop Quantum Gravity suffers some limitation with respect to the survival of the SU (2) symmetry in the Minisuperspace formulation [11, 12] , but it was very successful in determining a Bounce Cosmology as consequence of the discrete nature of volume and the graph structure of the theory [13, 14, 15] .
A more phenomenological way to investigate the effects of including cut-off physics in the cosmological dynamics has been identified [16] in the implementation of the Polymer Quantum Mechanics to the cosmological setting, both on a semiclassical and on a purely quantum dynamics [17, 18, 19, 20, 21, 22] . Such a reformulation of the Canonical Quantum Cosmology is able to bring some physical features of the discretized geometry into the dynamical problem, but avoiding some technical difficulties that Loop Quantum Cosmology finds in treating general enough cosmological models, like the Bianchi IX Universe (the most general allowed by the homogeneity constraint) [7, 23, 24, 3] . In [18] it has been studied the implementation of the Polymer Quantum Mechanics to the anisotropy Misner variables of a Bianchi IX Universe, demonstrating how the semiclassical evolution can no longer be chaotic. In [20] the same study has been performed by polymer quantizing the Universe volume alone, i.e. the standard isotropic Misner variable. This study is still associated to the presence of semiclassical chaos and the quantum features derived by Misner about quasi-classical states surviving near the singularity are similarly reproduced. In both these analyses the sin-gularity is still present, in contrast with the general result derived in [17] , where the polymer paradigm is implemented to the cubed scale factor variable, instead the usual Misner one.
The reconciling point of view of these discrepancies is the observation that, when the cubed scale factor is polymer discretized, the zero eigenvalue of the volume is naturally suppressed in the model quantum dynamics. Conversely, when the standard Misner variable is considered, i.e. the logarithm of the natural scale factor, its discretization does not prevent the semiclassical emergence of an asymptotic zero value for the Universe volume. The present study develops such a point of view to its maximal extent, by requiring that the Polymer Quantum Mechanics is applied to all the Minisuperspace variables, disregarding about their physical nature. Indeed, there is no well-grounded reason to claim that in a quantum gravity approach the Universe volume and its anisotropies require a separate treatment (like for instance is done in the so-called multi-time approach [25, 26] ), above all in order to do not violate the geometrical nature of the gravitational field.
We adopt two different polymer scale parameters for the isotropic and the two anisotropic Misner variables, in order to better characterize the relative influence of the two sets of variables and to make easier the comparison with previous approaches.
We find that, in the semiclassical theory, the chaotic properties of the Bianchi IX model survive only as far as the isotropic variable discretization scale is equal or greater than the anisotropic variables one. As soon as the ratio of the two scales is less than one, the features of the original analysis in [18] are clearly recovered and no quasi-classical occupation numbers can be obtained in the full quantum treatment near the initial singularity. On the contrary, when the ratio is greater than (or equal to) one, i.e. when the chaos of the model is preserved, the quantum analysis can be developed according to the same scheme proposed by Misner in [7] and the quasi-classical states still emerge.
Apart from its technical content, the main merit of this investigation is demonstrating how the chaotic features of the Bianchi IX Cosmology depend, in the polymer representation, on the reciprocal relevance of the cut-off scales concerning the Universe volume and the gravitational degrees of freedom. Furthermore, we demonstrate that a full polymer quantization of all the Minisuperspace variables does not remove the singularity, simply because the discretization of the isotropic Misner variable maintains the possibility of a vanishing value of the space volume.
The polymer representation of quantum mechanics
The Polymer Quantum Mechanics is an alternative representation of the canonical commutation relations, non-equivalent to the usual Schrödinger one. It is based on the assumption that one or more variables of the phase space are discretized. Therefore, it can be used to investigate the consequences of the introduction of a physical cut-off.
Polymer kinematics
In order to introduce the polymer representation without any reference to the Schrödinger one, let us consider the abstract kets |µ labelled by the real parameter µ ∈ R and taken from the Hilbert space H poly . A generic state can be defined through a finite linear combination of them:
where
We choose the inner product so that the fundamental kets are orthonormal:
It can be demonstrated that H poly is non-separable. There are two fundamental operators that can be defined on this Hilbert space: the symmetric label operatorˆ and the unitary shift operatorŝ(λ) with λ ∈ R. They act on the kets |µ as follows:
Since the kets |µ and |µ + λ are orthogonal ∀λ, the shift operatorŝ(λ) is discontinuous in λ and there is no Hermitian operator that can generate it by exponentiation. Now we consider a one-dimensional system (q, p) and we denote the wave functions in the p-polarization as ψ(p) := p|ψ , where ψ µ (p) := p|µ = e iµp . It is easy to see that the shift operator acts in this polarization aŝ
soŝ(λ) can be identified with the operator e iλp but p cannot be defined rigorously.
On the other hand, the operatorq acts as a differential operator in this polarization and therefore it corresponds to the label operatorˆ :
It can be noticed that the eigenvalues ofq can be considered as a discrete set, because they label kets that are always orthonormal.
Polymer dynamics
After introducing the polymer kinematic Hilbert space, we need to solve the problem related to the definition of the physical operators. Let us consider a one-dimensional system described by the Hamiltonian
in the p-polarization. As seen in the previous section, if we assume thatq is a discrete operator, we have to find an approximate form forp. The standard procedure (widely described in [16] ) is to introduce a regular lattice with spacing µ 0 :
In order to remain in the lattice, the only states permitted are |ψ = n b n |µ n ∈ H γµ 0 where µ n = nµ 0 . Also, it is possible to use the action of the operator e iλp , after been restricted to the lattice, to define an approximate version ofp:
It derives from the fact that for p
. Now it is possible to introduce an approximate version ofp 2 :
We remind thatq is a well-defined operator, so the regularized version of the Hamiltonian writes aŝ
and represents a symmetric and well-defined operator on H γµ 0 .
The Mixmaster model in the Misner variables
In this section we introduce the most important results about the semiclassical and quantum features of the Bianchi IX dynamics towards the cosmological singularity. This model, named Mixmaster by Misner, is the most general homogeneous space which admits an isotropic limit. The line element in the Misner variables [23] for this model is
where N (t) is the lapse function, σ i are three differential forms depending on the Euler angles of the SO(3) group of symmetry and β ij is a diagonal, traceless matrix. Therefore, it can be parametrized in terms of the two independent variables (β + , β − ) as
The Misner variables (α, β ± ) represent a very convenient choice to parametrize the line element. In particular, the variable α is that one related to the volume and the expansion of the Universe (V ∼ e 3α , V denoting a fiducial volume), while (β + , β − ) contain all the information about the anisotropies and the shape deformations. Moreover, the Hamiltonian of the model, written in the Misner variables, results to be very simple because its kinetic term is diagonal. We can then write the super-Hamiltonian as follows:
where (p α , p ± ) are the conjugate momenta to (α, β ± ) respectively and κ = 8πG (we are in c = 1 units). V (β ± ), due to the spatial curvature, is a potential term depending only on the anisotropy variables, whose explicit form is the following:
The potential walls are steeply exponential and define a closed domain with the symmetry of an equilateral triangle, as we can see in Fig. 1 . These walls move outwards while approaching the cosmological singularity (α → −∞), due to the term e 4α in (12) (which increases towards the singularity, i.e. α → −∞). 
Now it is possible to apply the Arnowitt-DeserMisner (ADM) reduction [27] to connect the study of the Mixmaster dynamics with that one of a pinpoint particle, named point-Universe, moving in a potential well. This procedure consists in solving the super-Hamiltonian constraint with respect to the momentum conjugated to the new time coordinate of the phase space, which here is identified with α. Then, one obtains the so-called reduced ADM-Hamiltonian
The classical dynamics of the model can be analyzed by studying the corresponding Hamilton's equations that describe the evolution (in function of α) of the point-Universe, identified by the coordinates (β + , β − ), moving in the potential well. Because of the steepness of the walls, we can consider the pointUniverse as a free particle for most of its motion, except when it occurs a bounce against one of the three walls. Using the free-particle approximation (V (β ± ) ∼ 0), it is possible to derive the velocity of the point-Universe from the Hamilton's equations, that is called anisotropy velocity:
On the other hand, the study of the region in which the potential term becomes relevant gives information about the position of the potential wall and shows that it moves outwards with velocity |β wall | = 1 2 , so a bounce is always possible. In particular, every bounce occurs according to the following reflection law:
where θ i and θ f are the incidence angle and the reflection one to the potential wall normal respectively. Moreover, the condition for a bounce to occur is represented by the existence of a maximum incidence angle
This result, together with the triangular symmetry of the system, shows that the point-Universe always has a bounce against one of the three potential walls.
In conclusion, the ADM reduction procedure in the Misner parametrization maps the dynamics of the Mixmaster Universe into the motion of a pinpoint particle inside a closed two-dimensional domain. The particle undergoes an infinite series of bounces against the potential walls while approaching the singularity and the motion between two subsequent bounces is a uniform rectilinear one. The only effect of a bounce is to change the direction of the particle in a way that, as it goes towards the singularity, it will assume all the possible directions, regardless the initial condition, and so it will experience a chaotic dynamics.
Another important benefit of using the Hamiltonian formalism is that it permits to quantize the system in the canonical way. As we are interested in the features of the model near the cosmological singularity, we have to investigate the quantum effects that can modify the classical dynamics. Following the canonical formalism, it is possible to solve the quantum problem that corresponds to find the eigenvectors and the eigenvalues of a pinpoint particle in a two-dimensional potential well.
The most important result obtained by Misner, taking advantage of the geometric properties of the system, is represented by the following adiabatic invariant:
where the symbol . . . denotes the average value over a large number of bounces. It is possible to use this sort of conservation law to study the behaviour of the quasi-classical states (i.e. quantum states with very high occupation numbers) towards the singularity. In particular, as shown in [7] , using the quasiclassical approximation and taking the limit α → −∞, the expression (18) becomes
where n, m are the positive and integer quantum numbers related to the anisotropies (β + , β − ).
Therefore, we can conclude that if the present Universe is in a quasi-classical state of anisotropy (n 2 + m 2 1), it must have been in the same quasiclassical state even near the cosmological singularity.
Semiclassical analysis of the
Mixmaster model in the polymer representation
The aim of this section is to discuss the main features of the Mixmaster semiclassical dynamics in the polymer representation. The word "semiclassical" means that the polymer-modified super-Hamiltonian constraint (22) is obtained as the lowest order term of a WKB expansion for → 0. We choose to define the Misner variables (α, β ± ) as discrete ones, so we have to find an approximated form for the operators (p 
where µ is the polymer parameter for the anisotropies, while µ α is that one related to the isotropic variable α.
The super-Hamiltonian constraint (12) becomes
while the reduced Hamiltonian has the following expression:
V(β ± ) ≤ 1 due to the presence of the arcsin function. In both (22) and (23) we have done the substitu-
V (β ± ). The dynamics of the model is described by the Hamilton's equations, obtained from the reduced Hamiltonian showed in (23):
where we have used the following compact notation
and the symbol to denote the derivative with respect to α.
According with the discussion of the previous section, we start our analysis studying the system in the case V (β ± ) = 0. Now we can easily show that the cosmological singularity is still present. In fact, under this condition, it can be demonstrated that there is a logarithmic relation between the time variable t and the isotropic one α, so we have that α ∼ ln(t) → −∞ for t → 0 even if α is described in the polymer formulation. This result points out that the discrete nature of the isotropic variable α does not prevent the Universe volume to vanish.
As we consider the point-Universe as a free particle, we have that (p + , p − ) (and consequently H α ) are constants of motion and the modified anisotropy velocity has the following expression:
, where ∆(x, y) = sin 2 (x) + sin 2 (y). It is easy to realize that, taking µ and µ α vanishing, the relation (15) is recovered. To verify if the dynamics has the same chaotic features of the standard case, it is necessary to study the relative motion between the particle and the potential walls, whose velocity is still |β wall | = 1 2 because the polymer representation leaves the potential unchanged. On the other hand, if we study the anisotropy velocity of the particle while varying the values of the polymer parameters, we can see that
The figures represented in Fig. 3 show that, by choosing the ratio µ α /µ greater than or equal to one, the anisotropy velocity is always above the plane z = 1 (here z is the vertical coordinate).
Therefore, we can conclude that, under this condition, the dynamics of the Mixmaster model is expected to be still chaotic, because of the existence of the singularity and the presence of a never-ending series of bounces against the potential walls. Instead, if we choose the polymer parameters such that µ α /µ < 1 (Fig. 2) , the series of bounces occurs until the particle velocity becomes smaller than the velocity of the potential walls and then the point-Universe reaches the singularity with no other bounces. In order to derive the modified reflection law in the polymer representation, we introduce the following parametrization for the anisotropy velocity:
where θ i and θ f are respectively the incident and the reflection angles and r i and r f are the particle velocities before and after the bounce 1 . The condition for a bounce to occur is (β + ) i > β wall and this led to the existence of a maximum incidence angle
Thanks to this result, we can confirm our analysis about the chaotic features of the dynamics. Indeed, if µ α /µ < 1 (⇒ r i < 1) we find θ (26) with µ α /µ = 1 in the first figure and µ α /µ = 1.5 in the second one. Now, in order to find the relation between the particle directions before and after a bounce, we have to find the constants of motion when the point-Universe is nearby the potential walls. In particular, thanks to the symmetry of the system, we can consider only one of the three walls and use the potential term V (β ± ) = e −8β+ . In these conditions, the constants of motion are the following:
The first one comes from the fact that the Hamiltonian H α depends only from β + , while the second one derives from the Hamilton's equations (24b) and (24c). We use the constants of motion to write the two following conservation laws:
obtained by using the parametrization (28) and an explicit expression for (p + , p − ) derived by the Hamilton's equations (24b).
After the substitution of (32) in (33) and the use of the explicit expressions 2 (26) for r i,f and (23) for H α respectively, we are able to derive the following reflection law:
where ∆(x, y) = sin 2 (x) + sin 2 (y).
In order to make a comparison with the standard case (16) , an expansion up to the second order for µ and µ α is required. The final result is:
and it is easy to show that in the limit µ, µ α → 0 we find the standard reflection law (16) obtained by Misner [7] .
Recovering this limit leads us to infer that the map above still admits stochastic properties and therefore, when µ α < µ, sooner or later the parameter region where no bounce takes place is reached, like in [18] .
Quantum properties of the polymer Mixmaster model
In this section we analyze the quantum properties of the Mixmaster model in the polymer representation by solving the WDW equation, which corresponds to the quantization of the modified super-Hamiltonian constraint (22) . The WDW for the polymer Mixmaster model reads as follows:
where all the canonical variables have been promoted to operators, using the approximate versions for p α and p ± . As we are interested in the behaviour of the model near the singularity, we consider the potential walls as perfectly vertical and so we outline the particle motion as that one of a free particle with appropriate boundary conditions (particle in a box).
We start with imposingV (β ± ) = 0 in (37) and solving the free-particle problem by searching for solutions of the form
The eigenvalues problem for the anisotropy component φ(p ± ) of the wave function is the following:
and can be solved by further separating the variables, i.e.
It can be easily shown that the eigenfunctions have the following expression:
where A, B, C, D are integration constants and
Now, after the substitution of this result in the WDW-equation for the free particle ((37) witĥ V (β ± ) = 0), we can also solve the problem for the isotropic component of the wave function
whose solution is
Does, in order to introduce the boundary conditions for the free-particle motion, we approximate the triangular well with a square one having the same area and vertical walls, in a way that the potential term has the following expression:
The boundary conditions are imposed on the eigenfunctions (41), expressed in coordinate representation after a Fourier transformation, as follows:
After solving the system (46), we are able to write the complete solution for the anisotropy component of the wave function, which has the following expression:
and n, m ∈ Z are the quantum numbers associated to the anisotropies (β + , β − ).
At last, the isotropic solution writes as
with
It is easy to check that, when µ and µ α are taken vanishing, the Misner solution is recovered and this feature justifies a posteriori the implicit assumption to deal with steady potential walls. Indeed, we are recovering the adiabatic approximation which describes the anisotropies quantum dynamics as fast with respect to the potential walls variation.
Quasi-classical states near the singularity
As we stressed in Sec. 4, the Mixmaster semiclassical dynamics preserves its chaotic features only if µ α /µ ≥ 1. Under this condition, we can deduce information about the quasi-classical nature of the early Universe, after reproducing a calculation similar to Misner's one [7] . In particular, we know that the pointUniverse experience a never-ending series of bounces towards the singularity and its direction changes according to (35). As we mentioned above, we can infer that the particle motion has a stochastic nature. Then, we can assume that our analysis won't be influenced by the choice of the initial conditions. In particular, the choice of θ i + θ f = 60
• for the first bounce implies θ i = θ i and θ f = θ f (see Fig. 4 ) for all the subsequent bounces and this simplify the following calculations. • implies θ i = θ i , in fact θ i = 180
• − 120
Therefore, using (32), we find the relation
since θ i and θ f are constant. Now, if we apply the Sine theorem to the triangles ABC and ABD (Fig. 5) we get:
where we have used the initial condition θ i + θ f = 60
• . These last two relations imply that
and combining (54) and (51) we obtain a quantity that assume the same value before and after the bounce: Figure 5 : Geometric relations between two subsequent collisions. In particular, here we fix α as the instant in which the first bounce occurs, so the position of the potential wall is |β wall | = |α|/2, while the distances traveled by the point-Universe before and after the bounce are respectively d i = r i |α i | and
In order to generalize this result, we consider the bounce to occur at the time α ≡ α n and we apply again the Sine theorem to the same triangles, finding the expressions
Substituting these relations in (55) and taking the average value over a large number of bounces, we derive the following adiabatic invariant:
This is not a constant of motion but represents a quantity that turns to have the same value just before each bounce.
As we are interested in the existence of quasiclassical states near the singularity, we can evaluate the quantity (58) in the quasi-classical approximations (49) and (50)) and take the limit α → −∞. Following this procedure, we obtain the same result derived by Misner in [7] , i.e.
which means that the occupation number is an adiabatic invariant. So, we can conclude that, even in the polymer representation, quasi-classical states for the Mixmaster anisotropies are allowed towards the singularity, provided that the choice of the polymer parameters implies a chaotic dynamics.
Concluding remarks
We analyzed the Bianchi IX Cosmology, as described in the standard Misner variables, by implementing a semiclassical and quantum treatment of the dynamics in terms of the prescriptions of the so-called polymer paradigm. By other words we introduced a discrete structure in all the Minisuperspace variables, in order to account for cut-off physics near the cosmological singularity.
As already clarified by the analyses in [18, 20] , the implementation of such a cut-off paradigm is unable to remove the singularity. This surprising feature is predictably the consequence of the chosen isotropic variable, which in the standard Misner formulation corresponds to the logarithm of the natural Universe scale factor. Actually, discretizing the α Misner variable, we are discretizing the Universe volume, but without forbidding its zero value, like it is done in the case of a polymer discretization of the cubed scale factor, see [19, 17] .
We find the present formulation of significant physical content because it allows to remove one of the fictitious features which seems to affect the Polymer Quantum Mechanics, with respect to the general Loop Quantum Gravity framework. In fact, in the Loop formulation of the quantum gravity, the geometrical operators, like areas and volumes, have a discrete spectrum (as a consequence of the compact character of the SU (2) group underlying the theoretical formulation of the non-Abelian gauge structure that gravity acquires), but they can always admit the zero eigenvalue. De facto, the polymer procedure is unable to preserve this feature of a zero value in the discretized variable spectrum, since it is realized on a lattice-like morphology. The present study, as that one in [20] , is the simplest way to force Polymer Quantum Mechanics to reproduce the natural feature of the volume spectrum of Loop Quantum Gravity.
The most valuable result here achieved consists of demonstrating that the semiclassical chaotic features of the Bianchi IX Cosmology survive only if the ratio of the polymer scale parameter for the isotropic variable to that one for the anisotropies is greater than or equal to the unity. This fact suggests that, when the Universe volume discretization is more relevant with respect to the corresponding discretization of the anisotropies, the chaos survives and the main features of the Misner original description [7, 23] are preserved. On the contrary, a significant discretization of the anisotropies, i.e. the physical degrees of freedom of the cosmological gravitational field, with respect to the volume component, leads to a suppression of the chaos since new features of the Kasner solution appear.
Finally, for the parameter space associated to the chaotic feature of the model, we reproduced in the polymer paradigm all the considerations made by Misner on a quantum level, recovering its result about the possibility to have high occupation numbers for the anisotropy degrees of freedom, i.e. quasi-classical states, near enough to the singularity.
The main merit of our study is to emphasize how the Misner representation of the Bianchi IX Cosmology has a deep physical content, able to survive also when cut-off physics is introduced in a polymer-like formulation. In particular, the possibility for a quasiclassical singular Universe appears in the considered scenario, unaffected by the variables discretization. Actually, when chaos is preserved, the polymer lattice scale seems to be essentially a negligible effect and all the semiclassical and quantum features of the usual Bianchi IX model are recovered.
